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1 Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H . Let A : C → H be
a single-valued nonlinear mapping and B : H → H be a multi-valued mapping. The ‘so
called’ quasi-variational inclusion problem is to ﬁnd an u ∈ H such that
 ∈ Au + Bu. (.)
The set of solutions of (.) is denoted by (A + B)–(). A number of problems arising in
structural analysis, mechanics, and economics can be studied in the framework of this
kind of variational inclusions; see for instance [–]. For related work, see [–]. The
problem (.) includes many problems as special cases.
() If B = ∂φ :H → H , where φ :H → R∪+∞ is a proper convex lower semi-continuous
function and ∂φ is the subdiﬀerential of φ, then the variational inclusion problem (.) is
equivalent to ﬁnding u ∈H such that
〈Au, y – u〉 + φ(y) – φ(u)≥ , ∀y ∈H ,
which is called the mixed quasi-variational inequality (see []).
() If B = ∂δC , where C is a nonempty closed convex subset of H and δC :H → [,∞] is




, x ∈ C,
+∞, x /∈ C,
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then the variational inclusion problem (.) is equivalent to ﬁnding u ∈ C such that
〈Au, v – u〉 ≥ , ∀v ∈ C.
This problem is called the Hartman-Stampacchia variational inequality (see []).
Let T : C → C be a nonlinear mapping. The iterative scheme ofMann’s type for approx-
imating ﬁxed points of T is the following: x ∈ C and
xn+ = αnxn + ( – αn)Txn,
for all n ≥ , where {αn} is a sequence in [, ]; see []. For two nonlinear mappings S
and T , Takahashi and Tamura [] considered the following iteration procedure: x ∈ C
and
xn+ = αnxn + ( – αn)S
(
βnxn + ( – βn)Txn
)
,
for all n ≥ , where {αn} and {βn} are two sequences in [, ]. Algorithms for ﬁnding the
ﬁxed points of nonlinear mappings or for ﬁnding the zero points of maximal monotone
operators have been studied by many authors. The reader can refer to [–]. Especially,
Takahashi et al. [] recently gave the following convergence result.
Theorem . Let C be a closed and convex subset of a real Hilbert space H . Let A be an α-
inverse strongly monotone mapping of C into H and let B be a maximal monotone operator
on H , such that the domain of B is included in C. Let JBλ = (I +λB)– be the resolvent of B for
λ >  and let T be a nonexpansive mapping of C into itself, such that F(T)∩ (A+B)– = ∅.
Let x = x ∈ C and let {xn} ⊂ C be a sequence generated by
xn+ = βnxn + ( – βn)T
(
αnx + ( – αn)JBλn (xn – λnAxn)
)
,
for all n≥ , where {λn} ⊂ (, α), {αn} ⊂ (, ) and {βn} ⊂ (, ) satisfy
 < a≤ λn ≤ b < α,  < c≤ βn ≤ d < ,
lim




Then {xn} converges strongly to a point of F(T)∩ (A + B)–.
Recently, Zhang et al. [] introduced a new iterative scheme for ﬁnding a common
element of the set of solutions to the inclusion problem and the set of ﬁxed points of
nonexpansive mappings in Hilbert spaces. Peng et al. [] introduced another iterative
scheme by the viscosity approximate method for ﬁnding a common element of the set
of solutions of a variational inclusion with set-valued maximal monotone mapping and
inverse strongly monotone mappings, the set of solutions of an equilibrium problem, and
the set of ﬁxed points of a nonexpansive mapping.
Motivated and inspired by the works in this ﬁeld, the purpose of this paper is to con-
sider the quasi-variational inclusions and ﬁxed point problems of pseudocontractions. An
iterative algorithm is presented. A strong convergence theorem is demonstrated.
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2 Notations and lemmas
Let H be a real Hilbert space with inner product 〈· , ·〉 and norm ‖ · ‖, respectively. Let C
be a nonempty closed convex subset of H . It is well known that in a real Hilbert space H ,
the following equality holds:
∥∥tx + ( – t)y∥∥ = t‖x‖ + ( – t)‖y‖ – t( – t)‖x – y‖ (.)
for all x, y ∈H and t ∈ [, ].
Recall that a mapping T : C → C is called
(D) L-Lipschitzian ⇒ there exists L >  such that ‖Tx–Ty‖ ≤ L‖x– y‖ for all x, y ∈ C; in
the case of L = , T is said to be nonexpansive;
(D) Firmly nonexpansive ⇒ ‖Tx – Ty‖ ≤ ‖x – y‖ – ‖(I – T)x – (I – T)y‖ ⇐⇒ ‖Tx –
Ty‖ ≤ 〈Tx – Ty,x – y〉 for all x, y ∈ C;
(D) Pseudocontractive ⇒ 〈Tx – Ty,x – y〉 ≤ ‖x – y‖ ⇐⇒ ‖Tx – Ty‖ ≤ ‖x – y‖ + ‖(I –
T)x – (I – T)y‖ for all x, y ∈ C;
(D) Strongly monotone ⇒ there exists a positive constant γ˜ such that 〈Tx – Ty,x – y〉 ≥
γ˜ ‖x – y‖ for all x, y ∈ C;
(D) Inverse strongly monotone ⇒ 〈Tx – Ty,x – y〉 ≥ α‖Tx – Ty‖ for some α >  and for
all x, y ∈ C.
Let B be a mapping of H into H . The eﬀective domain of B is denoted by dom(B), that
is, dom(B) = {x ∈H : Bx = ∅}. A multi-valuedmapping B is said to be a monotone operator
on H iﬀ
〈x – y,u – v〉 ≥ 
for all x, y ∈ dom(B), u ∈ Bx, and v ∈ By. Amonotone operator B onH is said to bemaximal
iﬀ its graph is not strictly contained in the graph of any other monotone operator on H .
Let B be a maximal monotone operator on H and let B– = {x ∈H :  ∈ Bx}.
For a maximal monotone operator B on H and λ > , we may deﬁne a single-valued
operator JBλ = (I + λB)– :H → dom(B), which is called the resolvent of B for λ. It is known
that the resolvent JBλ is ﬁrmly nonexpansive, i.e.,
∥∥JBλ x – JBλ y∥∥ ≤ 〈JBλ x – JBλ y,x – y〉
for all x, y ∈ C and B– = Fix(JBλ ) for all λ > .
Usually, the convergence of ﬁxed point algorithms requires some additional smoothness
properties of the mapping T such as demi-closedness.
Recall that a mapping T is said to be demiclosed if, for any sequence {xn} which weakly
converges to x˜, and if the sequence {T(xn)} strongly converges to z, then T(x˜) = z. For the
pseudocontractions, the following demiclosed principle is well known.
Lemma . ([]) Let H be a real Hilbert space, C a closed convex subset of H . Let U :
C → C be a continuous pseudo-contractive mapping. Then
(i) Fix(U) is a closed convex subset of C,
(ii) (I –U) is demiclosed at zero.
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Lemma . ([]) Let {rn} be a sequence of real numbers. Assume {rn} does not decrease
at inﬁnity, that is, there exists at least a subsequence {rnk } of {rn} such that rnk ≤ rnk+ for
all k ≥ . For every n≥N , deﬁne an integer sequence {τ (n)} as
τ (n) =max{i≤ n : rni < rni+}.
Then τ (n)→ ∞ as n→ ∞, and for all n≥N
max{rτ (n), rn} ≤ rτ (n)+.
Lemma . ([]) Assume {an} is a sequence of nonnegative real numbers such that
an+ ≤ ( – γn)an + δnγn,




() lim supn→∞ δn ≤  or
∑∞
n= |δnγn| <∞.
Then limn→∞ an = .
In the sequel we shall use the following notations:
. ωw(un) = {x : ∃unj → x weakly} denote the weak ω-limit set of {un};
. un ⇀ x stands for the weak convergence of {un} to x;
. un → x stands for the strong convergence of {un} to x;
. Fix(T) stands for the set of ﬁxed points of T .
3 Main results
In this section, we consider a strong convergence theorem for quasi-variational inclusions
and ﬁxed point problems of pseudocontractive mappings in a Hilbert space.
Algorithm . Let C be a nonempty closed and convex subset of a real Hilbert space H .
Let A be an α-inverse strongly monotone mapping of C into H and let B be a maximal
monotone operator on H , such that the domain of B is included in C. Let JBλ = (I + λB)–
be the resolvent of B for λ. Let F : C → H be an L-Lipschitzian and ς strongly monotone
mapping and f : C → C be a ρ-contraction such that ρ <max{,ς/}. Let T : C → C be an
L(> )-Lipschitzian pseudocontraction. For x ∈ C, deﬁne a sequence {xn} as follows:
⎧⎪⎪⎨
⎪⎪⎩
zn = JBλ (I – λA)xn,
yn = νzn + ( – ν)T(( – ζ )zn + ζTzn),
xn+ = αnxn + ( – αn)(βnf (xn) + (I – βnF)yn),
(.)
for all n ∈N,where λ, ν and ζ are three constants, {αn} and {βn} are two sequences in [, ].
Now, we demonstrate the convergence analysis of the algorithm (.).
Theorem . Suppose  := Fix(T)∩ (A+B)–() = ∅. Assume the following conditions are
satisﬁed:
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(C) αn ∈ [a,b]⊂ (, );
(C) limn→∞ βn =  and
∑∞
n= βn =∞;
(C) λ ∈ (, α) and  <  – ν ≤ ζ < √
+L+
.
Then the sequence {xn} deﬁned by (.) converges strongly to u = P(I – F + f )u.
Proof Let x∗ ∈ Fix(T)∩ (A + B)–(). Then, we get x∗ = JBλ (I – λA)x∗ = Tx∗. From (.), we
have
∥∥zn – x∗∥∥ = ∥∥JBλ (I – λA)xn – JBλ (I – λA)x∗∥∥
≤ ∥∥xn – x∗ – λ(Axn –Ax∗)∥∥
=
∥∥xn – x∗∥∥ – λ〈Axn –Ax∗,xn – x∗〉 + λ∥∥Axn –Ax∗∥∥
≤ ∥∥xn – x∗∥∥ – λα∥∥Axn –Ax∗∥∥ + λ∥∥Axn –Ax∗∥∥
=
∥∥xn – x∗∥∥ – λ(α – λ)∥∥Axn –Ax∗∥∥
≤ ∥∥xn – x∗∥∥. (.)
It follows that
∥∥zn – x∗∥∥≤ ∥∥xn – x∗∥∥. (.)
Since x∗ ∈ Fix(T), we have from (D) that
∥∥Tx – x∗∥∥ ≤ ∥∥x – x∗∥∥ + ‖Tx – x‖, (.)
for all x ∈ C.
Thus,
∥∥T(( – ζ )I + ζT)zn – x∗∥∥ ≤ ∥∥( – ζ )(zn – x∗) + ζ (Tzn – x∗)∥∥
+
∥∥(( – ζ )I + ζT)zn – T(( – ζ )I + ζT)zn∥∥. (.)
By (.), (.), and (.), we obtain
∥∥T(( – ζ )I + ζT)zn – x∗∥∥
≤ ∥∥( – ζ )(zn – x∗) + ζ (Tzn – x∗)∥∥
+
∥∥(( – ζ )I + ζT)zn – T(( – ζ )I + ζT)zn∥∥
=
∥∥( – ζ )(zn – T(( – ζ )I + ζT)zn) + ζ (Tzn – T(( – ζ )I + ζT)zn)∥∥
+
∥∥( – ζ )(zn – x∗) + ζ (Tzn – x∗)∥∥
= ( – ζ )
∥∥zn – T(( – ζ )I + ζT)zn∥∥ + ζ∥∥Tzn – T(( – ζ )I + ζT)zn∥∥
– ζ ( – ζ )‖zn – Tzn‖ + ( – ζ )
∥∥zn – x∗∥∥ + ζ∥∥Tzn – x∗∥∥ – ζ ( – ζ )‖zn – Tzn‖
≤ ( – ζ )∥∥zn – x∗∥∥ + ζ (∥∥zn – x∗∥∥ + ‖zn – Tzn‖)
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– ζ ( – ζ )‖zn – Tzn‖ + ( – ζ )
∥∥zn – T(( – ζ )I + ζT)zn∥∥
+ ζ
∥∥Tzn – T(( – ζ )I + ζT)zn∥∥.
Noting that T is L-Lipschitzian and zn – (( – ζ )I + ζT)zn = ζ (zn – Tzn), we have
∥∥T(( – ζ )I + ζT)zn – x∗∥∥
≤ ( – ζ )∥∥zn – x∗∥∥ + ζ (∥∥zn – x∗∥∥ + ‖zn – Tzn‖)
– ζ ( – ζ )‖zn – Tzn‖ + ( – ζ )
∥∥zn – T(( – ζ )I + ζT)zn∥∥ + ζ L‖zn – Tzn‖
=
∥∥zn – x∗∥∥ + ( – ζ )∥∥zn – T(( – ζ )I + ζT)zn∥∥
– ζ
(
 – ζ – ζ L
)‖zn – Tzn‖. (.)
Since ζ < √
+L+
, we have  – ζ – ζ L > . From (.), we can deduce
∥∥T(( – ζ )I + ζT)zn – x∗∥∥ ≤ ∥∥zn – x∗∥∥ + ( – ζ )∥∥zn – T(( – ζ )I + ζT)zn∥∥. (.)
Hence,
∥∥yn – x∗∥∥ = ∥∥νzn + ( – ν)T(( – ζ )I + ζT)zn – x∗∥∥
=
∥∥ν(zn – x∗) + ( – ν)(T(( – ζ )I + ζT)zn – x∗)∥∥
= ν
∥∥zn – x∗∥∥ + ( – ν)∥∥T(( – ζ )I + ζT)zn – x∗∥∥
– ν( – ν)
∥∥T(( – ζ )I + ζT)zn – zn∥∥
≤ ν∥∥zn – x∗∥∥ + ( – ν)[∥∥zn – x∗∥∥ + ( – ζ )∥∥zn – T(( – ζ )I + ζT)zn∥∥]
– ν( – ν)
∥∥T(( – ζ )I + ζT)zn – zn∥∥
=
∥∥zn – x∗∥∥ + ( – ν)( – ζ – ν)∥∥T(( – ζ )I + ζT)zn – zn∥∥. (.)
By (C) and (.), we obtain
∥∥yn – x∗∥∥≤ ∥∥zn – x∗∥∥. (.)
Let un = βnf (xn) + (I – βnF)yn for all n≥ . Then, we have
∥∥un – x∗∥∥ = ∥∥βnf (xn) + (I – βnF)yn – x∗∥∥
≤ βn
∥∥f (xn) – Fx∗∥∥ + ∥∥(I – βnF)yn – (I – βnF)x∗∥∥
≤ βn
∥∥f (xn) – f (x∗)∥∥ + βn∥∥f (x∗) – Fx∗∥∥
+
∥∥(I – βnF)yn – (I – βnF)x∗∥∥
≤ βnρ
∥∥xn – x∗∥∥ + βn∥∥f (x∗) – Fx∗∥∥
+
∥∥(I – βnF)yn – (I – βnF)x∗∥∥. (.)
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Since F is L-Lipschitzian and ς strongly monotone, we have
∥∥(I – βnF)yn – (I – βnF)x∗∥∥
=
∥∥(yn – x∗) – βn(Fyn – Fx∗)∥∥
=
∥∥yn – x∗∥∥ – βn〈Fyn – Fx∗, yn – x∗〉 + βn∥∥Fyn – Fx∗∥∥
≤ ∥∥yn – x∗∥∥ – βnς∥∥yn – x∗∥∥ + βnL∥∥yn – x∗∥∥
=
(
 – βnς + βnL
)∥∥yn – x∗∥∥. (.)
Noting that L ≥ ς and limn→∞ βn = , without loss of generality, we assume that βn <
ς
L–ς/
for all n≥ . Thus,  – βnς + βnL ≤ ( – βn ς ). So,





)∥∥yn – x∗∥∥. (.)
We have from (.), (.), and (.)














]∥∥xn – x∗∥∥ + βn∥∥f (x∗) – Fx∗∥∥. (.)
From (.) and (.), we have
∥∥xn+ – x∗∥∥ = ∥∥αn(xn – x∗) + ( – αn)(un – x∗)∥∥




















]∥∥xn – x∗∥∥ + ( – αn)βn∥∥f (x∗) – Fx∗∥∥. (.)
By the deﬁnition of xn, we have
xn+ – xn = αnxn + ( – αn)
(
βnf (xn) + (I – βnF)yn
)
– xn
= ( – αn)
[















= ( – αn)βn
〈
f (xn),xn – x∗
〉




+ ( – αn)
〈
yn – xn,xn – x∗
〉
. (.)
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Since 〈xn+ – xn,xn – x∗〉 = ‖xn+ – x∗‖ – ‖xn – x∗‖ – ‖xn+ – xn‖ and 〈yn – xn,xn – x∗〉 =
‖yn – x∗‖ – ‖xn – x∗‖ – ‖yn – xn‖, it follows from (.), (.), and (.) that
∥∥xn+ – x∗∥∥ – ∥∥xn – x∗∥∥ – ‖xn+ – xn‖
= ( – αn)βn
〈
f (xn),xn – x∗
〉




+ ( – αn)
[∥∥yn – x∗∥∥ – ∥∥xn – x∗∥∥ – ‖yn – xn‖]
≤ ( – αn)βn
〈
f (xn),xn – x∗
〉




– ( – αn)‖yn – xn‖. (.)
By (.), we obtain
‖xn+ – xn‖ ≤ ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥ + ‖yn – xn‖]
= ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥ + ‖yn – xn‖
+ βn
∥∥f (xn) – Fyn∥∥‖yn – xn‖]. (.)
Combining (.) and (.) to deduce
∥∥xn+ – x∗∥∥ – ∥∥xn – x∗∥∥
≤ ( – αn)βn
〈
f (xn),xn – x∗
〉




– ( – αn)‖yn – xn‖ + ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥
+ ‖yn – xn‖ + βn
∥∥f (xn) – Fyn∥∥‖yn – xn‖]
≤ ( – αn)βn
〈
f (xn),xn – x∗
〉
– ( – αn)βn〈Fyn,xn – x∗〉 – ( – αn)αn‖yn – xn‖
+ ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥ + βn∥∥f (xn) – Fyn∥∥‖yn – xn‖].
Hence, we obtain
∥∥xn+ – x∗∥∥ – ∥∥xn – x∗∥∥ + ( – αn)αn‖yn – xn‖
≤ ( – αn)βn
〈
f (xn),xn – x∗
〉




+ ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥ + βn∥∥f (xn) – Fyn∥∥‖yn – xn‖].
It follows that, hence, we obtain
( – αn)αn‖yn – xn‖
≤ ∥∥xn – x∗∥∥ – ∥∥xn+ – x∗∥∥ + ( – αn)βn〈f (xn),xn – x∗〉




+ ( – αn)
[
βn
∥∥f (xn) – Fyn∥∥ + βn∥∥f (xn) – Fyn∥∥‖yn – xn‖]. (.)
Next we divide our proof into two possible cases.
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Case . There exists an integer numberm such that ‖xn+ – x∗‖ ≤ ‖xn – x∗ for all n≥m.
In this case, we have limn→∞ ‖xn – x∗‖ exists. Since αn ∈ [a,b]⊂ (, ) and limn→∞ βn = ,
by (.), we derive
lim
n→∞‖yn – xn‖ = . (.)
This together with (.) implies that
lim
n→∞‖xn+ – xn‖ = . (.)
Note that
‖un – yn‖ =
∥∥βnf (xn) + (I – βnF)yn – yn∥∥
≤ βn
∥∥f (xn) – Fyn∥∥.
So,
lim
n→∞‖un – yn‖ = . (.)
By (.) and (.), we obtain
lim
n→∞‖un – xn‖ = . (.)
From (.) and (.), we have
∥∥yn – x∗∥∥ ≤ ∥∥zn – x∗∥∥ ≤ ∥∥xn – x∗∥∥ – λ(α – λ)∥∥Axn –Ax∗∥∥.
Hence,
λ(α – λ)
∥∥Axn –Ax∗∥∥ ≤ ∥∥xn – x∗∥∥ – ∥∥yn – x∗∥∥
≤ ‖xn – yn‖




∥∥Axn –Ax∗∥∥ = . (.)
Since JBλ is ﬁrmly nonexpansive and A is monotone, we have
∥∥zn – x∗∥∥ = ∥∥JBλ (I – λA)xn – JBλ (I – λA)x∗∥∥
≤ 〈(I – λA)xn – (I – λA)x∗, zn – x∗〉
=
〈




zn – x∗,Axn –Ax∗
〉
= 
(∥∥zn – x∗∥∥ + ∥∥xn – x∗∥∥ – ‖zn – xn‖)
– λ
〈




zn – xn,Axn –Ax∗
〉
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≤ 
(∥∥zn – x∗∥∥ + ∥∥xn – x∗∥∥ – ‖zn – xn‖)
+ λ‖zn – xn‖
∥∥Axn –Ax∗∥∥.
It follows that
∥∥zn – x∗∥∥ ≤ ∥∥xn – x∗∥∥ – ‖zn – xn‖ + λ‖zn – xn‖∥∥Axn –Ax∗∥∥. (.)
By (.) and (.), we deduce
∥∥yn – x∗∥∥ ≤ ∥∥zn – x∗∥∥ ≤ ∥∥xn – x∗∥∥ – ‖zn – xn‖ + λ‖zn – xn‖∥∥Axn –Ax∗∥∥.
Therefore,
‖zn – xn‖ ≤
∥∥xn – x∗∥∥ – ∥∥yn – x∗∥∥ + λ‖zn – xn‖∥∥Axn –Ax∗∥∥
≤ ‖xn – yn‖
(∥∥xn – x∗∥∥ + ∥∥yn – x∗∥∥) + λ‖zn – xn‖∥∥Axn –Ax∗∥∥. (.)
Equations (.), (.), and (.) imply that
lim
n→∞‖zn – xn‖ = . (.)
Notice that F – f is (ς – ρ) strongly monotone. Thus, the variational inequality of ﬁnding
y ∈  such that 〈(F – f )y,x – y〉 ≥  for all x ∈  has a unique solution, denoted by x∗, that




(f – F)x∗,un – x∗
〉≤ .
Since un is bounded, without loss of generality, we assume that there exists a subsequence









(f – F)x∗,uni – x∗
〉
.
Thus, we have that xni ⇀ x˜ and
lim
i→∞
∥∥JBλ (I – λA)xni – xni∥∥ = .
Therefore, x˜ ∈ Fix(JBλ (I – λA)) = (A + B)–().
Next we show that x˜ ∈ Fix(T). First, we show that Fix(T) = Fix(T(( – ζ )I + ζT)). As a
matter of fact, Fix(T) ⊂ Fix(T(( – ζ )I + ζT)) is obvious. Next, we show that Fix(T(( –
ζ )I + ζT))⊂ Fix(T).
Take any x∗ ∈ Fix(T((–ζ )I+ζT)).We haveT((–ζ )I+ζT)x∗ = x∗. Set S = (–ζ )I+ζT .
We have TSx∗ = x∗. Write Sx∗ = y∗. Then, Ty∗ = x∗. Now we show x∗ = y∗. In fact,
∥∥x∗ – y∗∥∥ = ∥∥Ty∗ – Sx∗∥∥ = ∥∥Ty∗ – ( – ζ )x∗ – ζTx∗∥∥
= ζ
∥∥Ty∗ – Tx∗∥∥≤ ζL∥∥y∗ – x∗∥∥.
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Since, ζ < √
+L+
< L , we deduce y
∗ = x∗ ∈ Fix(S) = Fix(T). Thus, x∗ ∈ Fix(T). Hence,
Fix(T(( – ζ )I + ζT))⊂ Fix(T). Therefore, Fix(T(( – ζ )I + ζT)) = Fix(T).
By (.), (.), and (.), we deduce
lim
n→∞
∥∥T(( – ζ )I + ζT)xn – xn∥∥ = . (.)
Next we prove that T(( – ζ )I + ζT) – I is demiclosed at . Let the sequence {wn} ⊂ H
satisfyingwn ⇀ x† andwn–T((–ζ )I+ζT)wn → .Next, wewill show that x† ∈ Fix(T((–
ζ )I + ζT)) = Fix(T).
Since T is L-Lipschizian, we have
‖wn – Twn‖ ≤
∥∥wn – T(( – ζ )I + ζT)wn∥∥ + ∥∥T(( – ζ )I + ζT)wn – Twn∥∥
≤ ∥∥wn – T(( – ζ )I + ζT)wn∥∥ + ζL‖wn – Twn‖.
It follows that
‖wn – Twn‖ ≤  – ζL
∥∥wn – T(( – ζ )I + ζT)wn∥∥.
Hence,
lim
n→∞‖wn – Twn‖ = .
Since T – I is demiclosed at  by Lemma ., we immediately deduce x† ∈ Fix(T) =
Fix(T(( – ζ )I + ζT)). Therefore, T(( – ζ )I + ζT) – I is demiclosed at . By (.), we

















∥∥un – x∗∥∥ = ∥∥βn(f (xn) – f (x∗)) + βn(f (x∗) – Fx∗) + (I – βnF)(yn – x∗)∥∥




































– Fx∗,un – x∗
〉
.
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It follows that




















∥∥xn+ – x∗∥∥ = ∥∥αn(xn – x∗) + ( – αn)(un – x∗)∥∥
≤ αn























 – (ς – ρ)( – αn)βn
]∥∥xn – x∗∥∥













– Fx∗,un – x∗
〉}
. (.)
Applying Lemma . to (.) we deduce xn → x∗.
Case . Assume there exists an integer n such that ‖xn – x∗‖ ≤ ‖xn+ – x∗‖. In this
case, we set ωn = {‖xn – x∗‖}. Then, we have ωn ≤ ωn+. Deﬁne an integer sequence {τn}
for all n≥ n as follows:
τ (n) =max{l ∈N|n ≤ l ≤ n,ωl ≤ ωl+}.
It is clear that τ (n) is a non-decreasing sequence satisfying
lim
n→∞ τ (n) =∞
and
ωτ (n) ≤ ωτ (n)+,
for all n≥ n. From (.), we get
( – ατ (n))ατ (n)‖yτ (n) – xτ (n)‖
≤ ∥∥xτ (n) – x∗∥∥ – ∥∥xτ (n)+ – x∗∥∥ + ( – ατ (n))βτ (n)〈f (xτ (n)),xτ (n) – x∗〉
– ( – ατ (n))βτ (n)
〈
Fyτ (n),xτ (n) – x∗
〉
+ ( – ατ (n))
[
βτ (n)
∥∥f (xτ (n)) – Fyτ (n)∥∥
+ βτ (n)
∥∥f (xτ (n)) – Fyτ (n)∥∥∥∥yτ (n) – xτ (n)∥∥]. (.)




n→∞‖yτ (n) – xτ (n)‖ = .














( – ατ (n))βτ (n)
]
ωτ (n)











– Fx∗,uτ (n) – x∗
〉
. (.)
Since ωτ (n) ≤ ωτ (n)+, we have from (.)
ωτ (n) ≤







– Fx∗,uτ (n) – x∗
〉
. (.)
Combining (.) and (.), we have
lim sup
n→∞
ωτ (n) ≤ ,
and hence
lim
n→∞ωτ (n) = . (.)
From (.), we also obtain
lim sup
n→∞
ωτ (n)+ ≤ lim sup
n→∞
ωτ (n).
This together with (.) imply that
lim
n→∞ωτ (n)+ = .
Applying Lemma . to get
≤ ωn ≤max{ωτ (n),ωτ (n)+}.
Therefore, ωn → . That is, xn → x∗. This completes the proof. 
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